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Abstract. We discuss the convergence for sequence of subspaces of an inner product space. This
paper is an extension of the work by Manuharawati et al [10 and 11]. In this paper, we present a
concept of convergence of sequence of k-dimensional subspaces of an inner product space. The
properties of the concept are established. Moreover, we also study its connection with angles in
an inner product space.

Mathematics Subject Classification 2000: Primary 40A05; Secondary 14M15, 15A63, 46B20

Introduction

The concept of convergence of sequences of points has been extended by several authors (see [1-9]) to
the concept of convergence of sequences of sets. The one of these such extensions that we will consider
in this paper is Wijsman convergence. We will define convergence for sequences of subspaces and
establish some basic results regarding these notions.

In [10,11], Manuharawati et al. have introduced a more geometrical @efinition of the convergence of
a one-dimensional sequence of a one-dimensional subspace of a normed space and expfilined its
connection with angle between two k-dimensional subspaces of a innerproduct space. Their defimition
of the convergence of a sequence of 1-dimensional subspace, however, is based on a definition
convergence of a sequence on vector which we found a gap which we have generalized it to 2-
dimensional subspace. The purpose of this note is to generalize their definition for k-dimensional
subspaces and at the same time to explain the relationship between convergence of sequence with the
angfabetween two k-dimensional subspaces of real inner product space.

Let us start with fundamental @EJnitions from the literature. Let (X, (-')) be an inner product space.

Distance between two vectors u and v in X.

d(w,v) = |lu—v|
Distance between a vectafl and subspaces V of X.
dw,V)=inf{lu—v| :v €V} = |lu—u"|
Distance or gap between two subspaces of X (see [12. pp. 197-199])
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6]
sup{inf{jlu—v|| : veV,}:u €U, |lul| = 1}
sup{|lu — proj, ul:u € U, [Jlu|l = 1}
sup [lu — projy ul|
uely
[lull=1

d(U,V)

Inspired from the distances, we can define the limit of a sequence of k-dimentional subspaces in the
space.

In the following sections, an explicit d€lfinition for convergence of sequence of k-dimentional
subspaces of a normed space will presented. As a consequence of our definition, the continuity property
of angle between two k-dimensional subspaces of inner product spaces is obtained.

2. Resul

Given an nner product space (X, {-,-)) of dimension k or higher (may be infinite). Let U,, and V be k-
dimensional subspaces of X for every n € N.

Definition 2.1. We shall say that the sequence (U,,) converges to the subspace V, written U,, — V if
d(Un- V)= tfl.}i% "un — projy un" -0
n

lunll=1
asn — oo

LetU, = span[uln,uzn. s uk“}and V = span{vy, vy, ..., v} } be k-dimensional subspaces of X, where
[uln,uzn. ...,ukn} and {vy, ..., vy} are orthonormal for every n € N. The following theorems are some
of the properties of the convergence concept for sequence of k —dimensional subspace of X.

Theorem 2.2. U, = V ifand only if ||ut;-n — projy ugn” = 0 foreveryi =12, ..,k
Proof.
Given U, — V, then by Definition 2.1, sup [lu, — projy u,|| = 0. It follows that for every i =
UnEU
llenli=1
1,2, ..,k u;, € Upwith ||uy, || = 1 then
[lets,, = projy u, || < sup lluy, = projy ull - 0.
UnEUR
llunll=1
Conversely, we know that projy w;, = Ej‘zl{ut-n, v;)v; and for every i = 1,2, ...,k
sup "un - prOjV uu"
=
llunl=1
= RSEE ||(a1u1n + Q’z'ﬁzn + -+ akukn) — projy (aluin + azuzn + -+ akukn)”
n n
lln fI=1

K
< sup Z"a;u;n — projy (@, ) ||

UpEl, & ol
i=
llugpll=1
k

= Y laillu, = proiy (s, )| - .
i=1

Theorem 2.3. U,, = V ifand only If Efle(ufn,vj)z - 1foreveryi=12,..,k.
Proof.

2
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We know that
Kk
projy u;, = Z(u;“. V).
J=1

Since {vy, vy, .., Vi } is onhonormal \\e can get

[z, = projy ug, || = Z(u, AR Z(”‘“ v))v))

- (u{n u!n -2 (ut ,Z(utn vj)vj) + (Z(u{n vj)vj 1Z(u1n vi)vl
1= 22(% vy (ui,, vj) +z<u;,, v)) Z(u;,, vc)(lf;,v:)
=1- Z{ut'n,?)j} .

=1
So, ||uz,, = projy g, || = 0 if and only if ¥f_;(u;,, v;)* = 1asn — oo By Theorem 2.2, we get U, -
V if and only if 2?:1(“1'“- vj)z - lasn — oo,

|
Theorem 2.4. U,, = V if and only if ||projy uj, || =1 foreveryi=12,..,k
Proof.
Since {vy, v, ..., U} is orthonormal, we can get

k
[[projy u(nllg— (Z(u,,, V) .Z(u- v)vy)
=1
E(utn ) Z(ut,, w) (v, 1)
=
:Z{u(n,vl}z

j=1
So, Zile(u;“. vj)z — 1 if and only if ”pr‘o]v U, ” — 1 asn — oo. By Theorem 2.2, we get U, —» V if
and only if ||pr0j,, u;, || asn — co.
u

Hereafter we shall employ the standard naorm [I4+) oo o]l on X, given by

(U uy)  (uyup) o (U wy)
(uz. ul) (uz,'h'.z} e (uz.un)

1
F

"ull Uz, v, Uy II =
(uluun> (HZIRE) o (un, un)

Here assume n > 2 (see {6} and {10}). Note particularly that ||u1,u2,...,unk ’det[{ut, _,)] is

nothing but the Gram'’s determinant generated by uy,u,, ... [, (see [13] or [14]). Geometrically, being
the square root of the Gram’s determinant, |[uy, U, ..., Uy, || represents the volume of the n-dimensional
parallelepiped spanned by uq, uz, .., Uy,.
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The following theorems are properties of convergent sequence related standard n-norm.

Theorem 2.5. U,, = V if and only r‘f”u;n,projy u;-n" = 0asn—ooforeveryi =12,..,k
Proof.
We know that
k
projy u;, = Z(ugn,vj}vj.
=1

Since {vy, V5, ..., Uy} is orthonormal. we can observe that
. 2 (w,, u,) (u;,,, projy u;,)
i Projy wi, " = | ™ ™ e Droi 2
{projy u!n:utn) (projy Ui, ProJy uln)
= (U, u, {projy u;,, projy u;, ) — (u;,, projy u;, )

k k k 2
= g ) ) (0330 ) Gt 000D = | (e Y i 97)0))
=1 =1 i=1

k k k .
= (U U1,) D 0 (W3 D ot v000) = ot )
j=1 =1 j=1
2
k k
= Z(Hin-“j)z = Z(Hin, v;)?
J=1 j=1

k k
=|1- Z(u!-n, v)f)z Z(ui“, 17);)2.
= =

As for inner product, we have Cauchy-Schwarz inequality, then |E?=1(u it vj)z | < Efﬂ ||u(-rl ||2 ||vj ||2 =
k. Consequently, ||u;,, projy u; || = 0 if and only if Y¥.,(w; ,v;)* = 1 as n - co. By Theorem 2.3,
we get U,, — V if and only if "u(-n,proj., U, || - 0ash — oo

|
Theorem 2.6. U,, — V if and only {f”ut-n,a,vz, ...,vn” = 0asn— oo foreveryi =1,2,..,k.
Proof.

Since {vy, v, ..

, U} is orthonormal, we can observe that

(uin- u;‘n) (i3, v1) (u;‘n- v2) (uin- V)
3 (vpug)  (vpvr) (v, v2) {vy, V)
ui, 21,02, vk ||” = (v, up,)  (va,vy) (g, v2) (uy, vg)
: : :
(Vk,u;',,) Ve, v1) (v, v2) {vk, Vi)
1 (uin-v1) (u[n; 172} (u{-n,vk}
(v1.uin) 1 0 0
= [uy,, v2) 0 1 0
(Vi uy,) 0 0 “

1— Quyv1)? + (g, 20 + -+ (g, v )
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k
=1- Z(uin.vj}z
j=1

So, Efle(u,-“. vj)z — 1 if and only if ”u,-n. V1, Vo, e, Vg " — 0 as n —» 0. By Theorem 2.3, we get

U, = V ifand only if ||uin.v1.vz. ...,v;(" — 0asn — co,
L]

Remark 2.7. Theorem 2.2 until Theorem 2.6 said that the following statements are equivalent:

(1) u, -V

(11) ”“I'n — projy u;-n" = 0 forevervi=12, ..,k

(i) Bfeaur, v)? = Lforeveryi=1.2,..,k.

(iv) ||proiy u;n|| =1 foreveryi=12,..,k

) ”ufn.uojv “iﬂ" —0asn— o foreveryi=12,..,k

(v1) ”ui“, vy, V2, ey vn” = 0asn— oo foreveryi =12, ..,k

Theorem 2.8. (Homogeneity Property) The Definition 2.1 satisfy homogeneity property. It means, the
definition is dependent of the choice of orthonormal bases for 1" and U,, for every n € N.
Proof.
First note that the statement of
||u(-n,vl,v2, ...,vn" -0,Vi=1,2
1s independent of the choice of basis for U, and V for every n € N. Further, since the value 1s also
invariant under any change of basis for U,, and V. Indeed, the value is unchanged if we
(a) swapu, andu, ,
(b) swap vyand v,
atly, Uy,
(¢) replace uy, by e BT

(d) replace v, by "Zvlﬁ witha =0 or § # 0.

vi+fv,|l

. Ty Lo k 2 . -
Corollary 2.9. U,, - V if and only if ¥j_ {w;, +u;,,v)* = 2 foreveryi =1.2,.. k.
Proof.
Let Uy be k-dimensional subspace with an orthonormal basis uy,,up,,, .., Uk, Using Gram-Schmidt
orthonormal process, we can construct another orthonormal basis, say u'ln,u’zn, ,u’kn, with uj =

&%"——“ forsumi,j € {1,2, ..., k}. According to Homogeneity Property and Theorem 2.3. we get

vz a

T T N
0 Z( :nﬁ In py2 = ZE{HE“ +u;,m)? =3 Z(“in + ufn’v‘)z
£ et =1

asn — co.

u
Corollary 2.10. U;, — V if and only if Ef‘ﬂ(ufn, v Mu;,v) = 0 where i +# | forevery i,j = 1,2,.., k.
Proof.
Observe that

2
(g, + i, v = (Cugvp) + (uyu))” = (w00 + (g, 0)? + 20y, (g, ).
Thus, we have
1
W, VU, V1) = > (Cug,, + w0 v0)* = (Ui ) — (wy,, 01)?).

Consequently, if i  j then
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k 1 k k k
Dt vt ) = 5| D g, + 0 = Y a2 = g0 |
=1 =1 =1 =1

Using Theorem 2.3 and Corollary 2.9, we get U,, = V if and only if Zf‘zl{ugn, vy, ) 2> 0asn—
(=]
[

The following theorem stated that the limit of sequences of k-dimensional subspaces is unique.
Theorem 2.11. (Uniqueness Property) IfU,, = V and U, - W asn — oo, thenV = W.

Proof
Let U,, -» V asn — oo. By Definition 3awe have
||uin,v1,vz, ...,vk” - 0,Vi=1,2
asn — oo,
Since U,, = W as n — oo then we also Bve
lui,, w1, wa, o, wie|| = 0,Vi = 1,2

asn — o,
By using Triangle Inequality, we get
Wi v, V20 e, vkl = |[Wi = us, + i V1,0, 0, 2|
= ||W1 — U1 V1, V2, s 'l?k” %+ "ulﬂ. V1, V2, 00, Vg ".
]

Example 2.12. If U, = span{uy, Uy, ..., uy} = U then U, = U asn — . Forevery i = 1,2
U, Ug, Uy ....un” =0-0.

3. Furthermore Results

Let (X,{(-+)) be a real inner product space. U = span{ul,uy, .., u,} and V=
span {vy, V3, V3,.., v} are k-dimensional subspaces of X, then the angle between subspaces U and V 1s
defined by 8(U,V) with 0 < (U, V) < % and cos 8(U,V) = ||projy uy, projy ua, ..., projy u|| (see
[15,16,17]).

Theorem 3.3. Let U, = span{uln, Up s ukn] and V = span{vy, v, .., v} be k-dimensional
subspaces of X, where {uln.uzn, ....ukn] and {vy, ..., vy } are orthonormal for every n € N. U, = V if
and only g'fB(UEn. V) - 0asn — oo

Proof.

Let

lIprojy wuy, projy uy, ..., projy wi lI? = det({projy u;, proj, u;))

k k
= det (Z(uin) v, Z (ujni Vi ) V)
I=1 m=1

k k
= det Z(ufn, v) (v, Z(u,sn,vm)vm)
I=1 m=1
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k k
= det Z(uin: v{) Z (ujnl vm}(ujl vm)
i=1 m=1

k

= det ) Gy, w0}y, 0)
=1

According to Corollary 2.10, If U, — V. then Ef‘::l(ujn,v[)(u-n. V) — 0 where i # j for every i,j =
1,2, ..., k. Because the determinant function is continuous, then we have

_ o ||pr0jv Uy, Projy Uz, ..., Projy well® - 1.
Then the arceosinus function is continuous, the we get

6(U;,,V) - arccos1 =0

asn — co,
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